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In this paper the development of the method presented in 1] is carried out with application
to two types of integral equations encountered in mathematical physics in the investigation
of many mixed problems with circular separation line of boundary conditions and in the in-
vestigation of plane mixed problems.

The algorithm is given for reducing these integral equations to solution of equivalent
infinite linear algebraic systems. It is proved that the resulting infinite systems are quasi
completely regular for sufficiently large values of dimensionless parameter A which enters
into the systems. It is shown that reduction (truncation) of infinite systems results in finite
systems of linear algebraic equations with almost triangular matrices. The last circumstance
simplifies considerably the solution of these finite systems after which the solution of in-
itial integral equations is found from simple equations. For given accuracy of the approxi-
mate solution and decrease of parameter A the number of equations in reduced systems in-
creases.

As an example the solution is presented for the axisymmetric problem of a die acting on
an elastic layer lying without friction on a rigid foundation.

1. Basic integral equation of mixed problems with circular sepa-
ration line of boundary conditions; general form of solution of this
equation. The following integral Eq. is examined

1 oo
\e (@ odo \ L) 7, () 7, (S)au=n)  O<r<v (1.1)
0 0

Here J,(x) is the Bessel function. Let us assume that function L (4) satisfies the follow-
ing properties:
Lw=1+0(E"" for u — o0 v>0), L(u =0 for u—0 (1.2)
for all u & (0, o) the function L{(u) is continuous together with all derivatives.
To find solutions of integral Eq. (1.1), it is sufficient to learn how to solve the simpler
integral Eq.
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V@ pdo) Lo () 70(F)au=re)  ©<r<Y (1.3)
0 o
In fact we can prove that if the general solution of differential Eq.
n m 1 d
A (g) =1 (r) (4=—4) (1.4)
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which is determined with accuracy to n arbitrary constants, is taken as function g(r) in Eq.
(1.3) and if subsequently the solution % (p), which for p= 1 becomes zero together with all
its derivatives to the order of {n — 1) included, is determined, for the integral equation
(1.3) then the solution §{p) of the integral Eq. (1.1) is determined from Eq.

¢ (p)= p"A™ () (1.5)

We note that all arbitrary constants entering into the function g (r) found from Eq. (1.4)
are determined from the following conditions when the indicated algorithm is satisfied:

P& (1) = 0 k=04, ..., n — 1) (1.6)

On the basis of what was stated, in this manner, everything following will be devoted
only to a study of integral Eq. (1.3). Utilizing integral [2]

o] —

2 2V wv
SJ°(p“)"°(”“)d“2n(p+v)K(p+v) (1.7)
0

we rewrite the integral Eq. (1.3) in the form

1 — 1
* 2 d
5«»(p>K(,KL") = S e+ e F (. )ede  O<r<y
° L (1.8)
F v =g | 1=~ L @)1 o () Jo (v du
0

Here and in (1.7) K(x) is the complete elliptic integral of the first kind. Based on pro-
perties (1.2) of function L () it is easy to show that the even function F(u, 1/) is continuous
together with all its defivatives with respect to all variables in the square — o0 < 0.g {1, v)
< oo,

We shall seek the solution ¥/ {p) of Eq. (1.8) in the class L (§,) of absolutely summable
functions in the circle S ,(p < 1), then for A - o the integral Eq. (1.8) degenerates into the
following:

v 2Vrp\ pd )
Vb x (ZEE) 22 =2 gy 0<r<d) (1.9
]

As is known, the axisymmetric contact problem of an elastic half-space is reduced to
such an equation.

Many authors found the solution of integral Eq. (1.9) in closed form by different methods.

Here in our opinion the simplest method of solving integral Eq. (1.9) will be shown, and
subsequently an investigation of the structure and differential properties of function 4(p)
will be carried out.

Utilizing (1.7), the integral Eq. (1.9) is reduced to its equivalent conjugate integral Eq.

S Vo) Jo(ur)udu=0  (r>1); S Yo(u)Jo(ur)du=g(r)  (r<1) (1.10)
0 0
where
Yo (r)= S Wo(u)Jo(ur)udu for r <1 (1.11)
L]

The first relationship (1.10) i s multiplied by r{r2 — ¢2)-%dr and integrated with respect
to r from ¢ o oo, the second relationship (1.10) is multiplied term-by-term by r{t2 ~ 72)-%dr
and integrated with respect to r from 0 to t. Then having utilized Egs.
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[e9]
rJo (1) i sin v¢ \ rJo (ry) dr:COSTt (1.12)

]/t"——r~ = Y Y ]/r'l—tz T

the following con]ugate integral Eq. is obtained:

SC s

& v . dy g(ryrdr
(tomoosyar=0 >t \womennL=\EL < )
o 0 b ve—r

Now the function 1/ * (¢) is introduced into the examination. This function is connected
to ¥, (u) through relationships

o] 1

0 1 2
g Yo (u) cos utdu:{\p, () 821;1 ‘Po(u)*———sip‘ (t)cosutdr (1.14)
0 0

Differentiating the second Eq. (1.13) term-by-term with respect to ¢, we find

d d
P (0 =g 5—;”—/%’—)_5_% (1.45)

We shall now establish the relationship hetween 1%,(r) and :’ * (¢). Substituting Expres-
sion ¥ () in the form (1.14) into (1.11) and utilizing the mtenral o

I [0 0<T<r)
S)sm W WA= e 02 ) (1.16)
we obtain
1
2 d (P (v)dr
Yolr)=—7=77 T} Y (1.17)

Thus Egs. (1.15) and (1.17) give the solution of the integral Eq. (1.9). We can show, but
we shall not dwell on it here in detail, that this solution has a meaning(*) at least for

g(NEeH*S,), a >,
In the following it will be assumed that g **(r) is bounded when r &[S ] In this case we

obtain from (1.15) without difficulty
ey t d
. g (r)dr Qrg" (rydr
() = — — 1.18
V(1) éVﬁ R (1.18)

Theorem 1. If g”(r} is bounded, then /i * “(t) & H"2(S,). From the boundedness of
g”’(r) in the circle S it follows that [g”(r)| £ Cr for all r &€ S,. Then on the basis of (1.18)

¢

. rdr .
1< w+0ﬂy—rﬁ—0zae&) (1.19)
It remains to be shown that
P () E H* (S1—e) (1.20)

where S;_. is the circle with unit radius with e -region of point ¢ = 0 excluded. We note
that condition (1,20) will be fulfilled if the stronger statement (s *’(t) S H" (e, 1) is proved,

i.e.

*) This indicates that |f(P) —f{Q)| £ 4R %o (Rpg is the distance between points P and Q)
for any P and Q & S,
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W (@) =P () <SD[t—T | (1.21)

for all ¢t and 7 (e, 1]
For the first integral in (1,18) the statement made is obvious. Let us examine the second

integral in more detail. We estimate the modulus of difference (t > 7).

T T H
rg” {r)dr rg” (r)dr { l . ( 1 1 } 1 Srg» (r)dr l
ol L RSl € - dr |+ |\ ——
i)}’rt"——r‘ %V’zﬁ——rz o~ :(\}g r) Ve—r Vo_r r t1[;2_.,-2
{1.22)
Now we estimate the first integral of the right part of (1,22). Utilizing the obvious iden~
tity
o (2 o
2 2y ARt s pny-(nath)

(72— r?) H%W{z )" (15— 2y~ (1.23)

we rewrite it in the form

§ rg” (r)dr

12— p2H
9 ( )

2 @n—1l1
2 ( ?_zn)u) (#* — vy

T
(Zn—l)” T")”S rdr _
Z 2n)” J (12— r")"*l/’

=ByeE—v i M[l-—»(i— '“)n %]<
n=1

{2n)t! 2

n=1

(2n)t

The second integral of the right of (1.19) is estimated without difficulty

SVEBlt—n S Cr = 5y (1.24)
n=}

t
vorgt(r)dr
VVFE—r ve—r
v

On the basis of previous proofs we rewrite Eq. (1.17) in the form

<BVE-UKYV2Blt—1|h (1.25)

1
2T ¥ (dr

Theorem 2. If g”(r) is bounded, then i/7y(r) has the form
Yo (=0 (N — 7" (1.27)
where w(r)E H%(S,), ie. Yolr) € L(S)).

The procedure of proof is analogous to Theorem 1. At first it is shown that |w(r) — w(0)]
K Er and then wlr) € H%(e, 1). Let us formulate another more general theorem.

Theorem 3. If function g{r) is such that its n + 2 derivative is bounded for r €|5,|
then function ty(r) has the form (1.27), where W™ {r} & H%(S,). The proof is carried out
analogously to what was presented above.

We shall now seek the solution of Eq. (1.8) from the class L(S,) in the form

P (p) = Vo (p) + 1 (0) (1.28)

where to(p) is the solution of integral Eq. (1.9) determined by relationships (1.15) and (1.17).
For the correction function 1 ,(p) we obtain the integral Eq.

2 Vrp> pdp

l ;
§¢x<p)x(,+p o e+ me ()l 0<r<)
0
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1
2
2 m:?i% @ F (4 —,‘L) pdp (1.29)
0

We'note that by virtue of properties of function F{(u, ) and condition /{p) € L(S,), or
by taking into account the Theorem 2 ¢,(p) &€ L(S,), the entire right side of the integral
Eq. (1.29), as function of r & (8§ 1] is continuous with all derivatives.

Then on the basis of Theorem 3 we can conclude that for any value A & (0, ) the gen-
eral solution of the integral Eq. (1.29), if it exists in L(S,), has the form

P=Q@ U —m" (1.30}

where 7} {r) with all the derivatives is a continuous function for r € {S,l.
Thus, to find the general solution of the integral Eq. (S,), it is necessary to find func-
tion {1 (r). Section 2 will be devoted to this subject.

2. Reduction of integral Eq. (1.29) to solution of an infinite sys-
tem of linear algebraic equations. Let us represent the function F (i, v) of the
type (1.8) in the form of the following double series with respect to even Legendre poly-
nomials

oo <o
r 2 o ¢
Flagms 2 =2 3 ey ) Pu(V T=7 Py (V T=79 (2.1)
=0 j=0
Functions g#{r) and Q {r) which eater into Eqgs. (1,29} and (1.30) are also expanded in
series (*)

o] [ow)
g, (r) =3 R, P,(YT—77), Qry= 3 8P,V T=r9 (2.2)
i==0 i=0
By virtue of properties of functions Flu, v}, g+(r) and }{r) pointed out in Section 1,
series (2.1) and (2.2) converge uniformly to F {1, ) with respect to all variables (r, p)[0,
1] and arbitrary values of parameter A & (9, =) and to g (r} and ({7} for all r E 5, res-
pectively.

Utilizing the known orthogonality property of Legendre polynomials [2]
1
I [ rdx 0 (T=7)
PAVIZ=zy P, 1_2._—-—-——={ . 2.3
§ (VT2 Py (VI3 o= =Y it oy (2.3
we obtain the following expression for coefficients g (A) of series (2.1) {2.4)

11
¢ @ dz dy
= tm+ 0 tan 4 1) 7 (5, L) o (VT2 Py (VT )t —
0 g7/

mn

Now substituting into (2.4) Expression F(i, v} of the form (1.8) and utilizing the inte-
gral [2}
1

—_  'zdx = Qi1 1
J (bz‘)Pl(Vi_.z?a)———-w»-z l/—,———,'—"r"ﬁ-—‘——_Jl '/z(b) (25)
;)\ 0 2 V1—a? 2 @nt Vo 2+
we obtain the other Eq. for e, (A): (2.6)
oo
) w2 (2m— D (2n— Dy U R du
by = (i 1) (a4 1) a2 o, (+) T (50)

@

*) We note that Legendre polynomials for finding approximate solutions of integral equations
similar to (1.3) were also utilized in paper [3]. The main advantage of the approach presen-
ted in this Section is in our opinion the representation of F{u, v} in the form (2.1)
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We shall proceed to the detemination of coefficients R, 4. Utilizing the second Eq.(1.29)
and (2.1) we find

(o]
2 ¢ g
Ri,= e, MY, W, =" o (P) Py (V T—p) pdp (2.7)
n=0 0
The integral (2.7) is estimated using the following artificial step. Both parts of integral
Eq. (1.9) are multiplied term-by-term by
rd—ry P, (VT—r%dr

and integration is performed with respect to r from zero to one. Then rearranging integrals
in the left part of the obtained relationship and utilizing Eq. [3]

1 e _

atP_(Y1—1% 2Vt dr e {(2m — DI — Y o
\ Vi ) = i P VT 28
V7T

we obtain for integrals ¥, following Expressions
1

ACDIE Rn  ear
YV, =35 [@n—DIE Gl R, =(4n—i—1)§g(r) P, (V1I—=r% ———V1 == (2.9)

We note that quantities R,, are coefficients of the expansion of function g(r) into a series
with respect to Legendre polynomials of the form (2.2).

Finally we obtain relationships for determination of coefficients §; in the second Eq.
(2.2). Substituting functions 1/, (p), g+(r) and F(u, v) in the form (1.30), (2.2) and (2.1) into
the integral Fq. (1.29) and computing integrals from Eqs. (2.3) and {2.8) we obtain a rela-
tionship which in its left and right part contains series in Legendre polynomials. Equating
coefficients of both parts for polynomials of the same number, we obtain an infinite system
of linear algebraic equations for determination of §;

g [@—DNE a2 e fa®
S @mE et A Sepr

I (=0,1,...,00) (2.10)

3. Analysis of infinite system (2.10). Let us rewrite system (2.10) in a
more convenient form

x, = 2 a,% + R, (i=0,1,... 00) 3.1)
h=0
Here

n [ — DU A O N O

L= T [@ynpE Pw “mn=n [@n—DIP Gn+ 1)

@t (2m — DN & d
=(4m +1) (2;—7%(2—”—7),,3 [1— L ()] sz,/,(—';—) ot (—;—) = @2

[1]

Now let us find asymptotic equations for coefficients a,,, of the form (3.2) for large and
small values of parameter A.

Making use of a known representation J;,(x) in the form of a series in powers of x we ob-
tain for a,,,, when A » oo the following Expression:

2 @)l (2m — )N 2p+3
Yn = Laape1 (@) (2n — DT (dm — D)1 (Gn - D11 [’p— Gm T 3) (4n T Lpn T
4 (P — mn) 4 13p + 55/s |
Yt s am s 5) (4n I 3) (4n + 5) A% Ipse T 0(7~‘°)] (p=m-+n) (3.3)
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(2]
1= S [1— L(u)] u?* du
9
Eq. 1\3.3) is simplified assuming that m and n are large; for this at first we find asymp-
totics of integrals J, of the form (3.3) for large k.
Taking into consideration the first of relationships (1.2) we shall have for k- o

1, = 0 [(2k)} v~ (3410 (3.4)

Now using Stirling’s formula we obtain the following asymptotic expression for a,,, for
large m, n and A:

0 p2p +1
n = (2},\2)2‘”'1 M2 p2ntts (3.5)

In order to investigate the behavior of coefficients a,,, for small A, a substitution of
the variable is carried out under the integral in (3.2), writing u/A = &. Then utilizing the
second property {1.2) of function L{u) and returning to the old variable u we shall have for
A=0

0
R

- (@n)! (2m — I ¢ u u \ du
a .= (&m 1) @) (2n =1l Jomay, (T) Jonsiy, (T) e (3.6)
)

Now computing the integral [2], we finally obtain
8mn = 0(m == n), app =1 (3.7)

We shall prove that for large values of parameter A the infinite system (3.1} is quasi-
completely regular. For this purpose let us examine the series

oo
bi:kz lay, ] (i=0,1,..., 0) (3.8)
=0
Making use of the estimate {3.5) it is not difficult to prove that series (3.8) converge for
any large but finite i, if the parameter v > (2v)-1,
Now let us clarify the behavior of sums b; for i » o, Let us examine Expression

i
e 1 .
b, =TE ilag,| (3.9)
k=0

It is clear that b, * + by, fori > oc; in addition, we can state on the basis of the theorem
of Stolz [4] that
iim &* = lim i | q | (3.10)
—00 1—00
)\From 1here, taking into account the estimate (3.5) it follows without difficulty that be = 0
ifA> V-1

In this manner sums b, approach 0 when i » o, then starting from same i = iy we shall
have b <1 — &, which indicates quasi-complete regularity of the system (3.1) for all A>
> p=L In addition to this it is clear that free terms Ri, of system (3.1} are bounded from
above and for i » oo approach zero by virtue of uniform convergence of first series (2.2).

For small values of parameter A the infinite system (3.1) becomes unstable because ac-
cording to the estimate (3,7) its determinant approaches zero.

For finding approximate solutions of the infinite system (3.1) it is convenient to take ad-
vantage of the method of reduction (truncation). In this case the following finite system is
obtained

i—i

2= 3 aymt R (i=0,1,...,n) (3.11)
k=0

The superscript n with quantities x, indicates that solution is carried out for a system
n + 1 linear algebraic equations obtained by reduction (truncation) of an infinite system. The
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same index with quantity R, indicates that in Eq. {2.7) which determines these coefficients
it is necessary to carry out the summation with respect to k up ton and not up to oo,

The solution of the system of linear algebraic Egs. (3.11) is carried out sufficiently sim~
ply for any n due to the fact that their coefficients form an almost triangular matrix. After
determination of quantities x," from system (3.11) the approximate solution of integral Eq.
(1.3) is found from Egs. (1.28), (1.17), (1.15) and (1.30), the second Eq. (2.2) and the first
Eq. (3.2). In this case in (2.2) the summation with respect to i is carried out to » and not to
o0 4

We note that for a given accuracy of the approximate solution of the integral Eq. {1.3)
and decrease in parameter A it is necessary to increase the quantity of n + 1 equations in
the reduced {truncated) system (3.11). In fact for A= 0 we shall have on the basis of Egs.
(3.7) and the second Eq. (3.2) for coefficients g, (A) of series (2.1)

. a2 (dm 4 1) [(2m — 112
emn =0 (m# ﬂ), eMm = 4 [(Zm)!'}g (3'12)

or applying Stirling's formula, we find for large m, g = 7. Now, making use of this last
fact and the asymptotics of Legendre polynomials {2T for large m, it is easy to show that
the series (2,1) for function F{u, v) diverges for A= 0 on the line st = v. Consequently, on
decreasing A the convergence on this line will become poorer and for preservation of given
accuracy of the approximate solution the number of equations in system (3.11) must be in-
creased.

In this menner good convergence of the method presented above for approximate solution
of integral Eq. (1.3) must be expected only for large and intermediate values of parameter

For final clarification of limits of rational utilization of the presented method we briefly
touch on other methods of approximate solution of integral Eq. (1.3).

By the method of large A (see [5 and 6]) we can obtain the following approximate solution
of (1.3): (3.13)

1 1
2 d P (t)dv 2 2
‘Nr):“??&“rétym + ayior S)‘P‘ (T)[q (i+9+q2+93~“§”¢0) -

2 1
—perte—NE4o|aron s (o=apfo p=m L)

(when): I, and I, have the form (3.3) while the function {/* (7) is determined by Expression
1.15).
The zeroth term of the asymptotic for the solution of the integral Eq. {1.3) can be found
for small A in the following manner.
Let us rewrite the integral Eq. (1.3) utilizing the asymptotic representation of the Bes-
sel function for large values of the argument (small A) in the form
1

Veom (B ee=mey  gri<y (3.14)
- —1
M=\ "oosuads,  x@)=90eDVIFL  4)=g(rD VT
mull::yf'zlea;;selc?‘%x:ge to new variables in the integral Eq. (3.14) according to following For-

h(1)—k{p) A{1Y—ht(r
't::-—*'-—xh,—(-i)—, t=w~2~ {3.15)

*) It is assumed here that function h(r) is strictly monotonous with respect to r for 0 < |r| g
&< L This limitation is not significant because A(r) can always be represented in the form
of a sum of two strictly monotonous functions.
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Back substitutions for small A permit the representation of | p| and | 7| in a unique man-
ner through asymptotic expressions |p|=1~AT + we and | J=1—2Xt+ .. Therefore
we shall have

c‘l?\ 9 /A
’ n ¢
S X (oM (T) dv S x* (T) M(r—t)dr:T[h(1)~Kth'(1)] (0<t<T>
0 0 . (3.16)
c=[h(1) =R O] {A (DI x* (V) =%(p)
If it is now taken into consideration that on the basis of second Eq. (1.2) the kemel

M{x) ~ 8(x) for | x| » 00 (5 (x) is Dirac’s delta function) and if in the left part of the integral
Eq. (3.16) the parameter A is allowed to approach zero, then the determination of the zeroth

term of the asymptotic of the solution of the integral Eq. (1.3) for small A is reduced to the
determination of the solution for the following integral equation of Wiener-Hopf

\' x* (t)M(r—z}dr:—g—[h(i}——lth’(i)] O< < o) (3.17)
k4]

Construction of the zeroth term of the asymptotic of the solution for small A by the meth~
od presented in [9] can also be applied to the solution of the integral Eq. (3.17), however,
with a different right-hand part. We shall not dwell on this in detail.

Examination of concrete problems shows that for large A the asymptotic solution of the
form {3.13) and the zeroth term of the asymptotic of the solution for small X give as a rule
reliable results for 2 A <oc and 0 <A Y%, respectively.

In the paper [10] the possibility to find the complete asymptotic for the solution of the
integral Eq. (1.3) is shown for small A under the assumption that the function L {u) is mero=
morphic. An analysis of this complete asymptotic in the examination of concrete problems
apparently would permit to make the matching with the asymptotic solution (3.13) for large
A . However, the practical construction of the complete asymptotic of the solution for small
A and its subsequent numerical analysis present significant difficulties.

In this manner in accordance with everything stated above, the method presented in this
paper for an approximate solution of integral Eq. {1.3) in our opinion must basically serve
as the “‘connecting bridge’” between the asymptotic solution for large A of the form (3.13)
and the zeroth member of the asymptotic of the solution for small A.

4. Example. Let us examine the axisymmetric problem of action of a rigid die on an
elastic layer which is lying without friction on a rigid foundation. Friction forces are assu~
med to be absent between the die and the layer. Utilizing the integral transformation of Han~
kel we can reduce the contact problem under examination to a solution of an integral equa-
tion which in nondimensional coordinates has the form {1.3) ¢/ {p) is the unknown pressure
between the die and the layer on the line of contact, A = h/a, g(r) = a=1 Ay (r), A is the thick-
ness of the layer, a is the radius of the contact region, A = G(1 — o)1, G and o are elastic-
ity constants of the layer and y(r) is the settling of points of the boundary of the layer un-
der the die. The function L (u) can be represented in the form
ch2u—1
sh 2u + 2u

1t is easy to show that function L (4} of the form (4.1) satisfies conditions (1.2); v = 2 in
this case. It follows from this that for the problem under consideration the infinite system of
linear algebraic Eqs. (3.1) will be quasi-completely regular for all A> %. The values of con~
stants a,,,{A) entering into system {3.1) can be found for large values of parameter A(A > 2)
from the asymptotic Eq. {3.3). For other values of A they can be determined by methods of
numerical integration from Eqs. (2.4) and (2.6) and the second Eq. (3.2). In this manxer for
A= 1 the following values of constants a,,,(A) are obtained:

ag = 0.3447, ayo=0.1678, ao; = 0.008389, az = 0.01313, a;; = 0.02367, agy, = 0.0002052

We shall not dwell on the technique of calculations. It is only noted that a significant
simplification of the computational algorithm was achieved by utilizing tables of the function

le]

L(u)= (4.1
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o0
F (k)= S [1 — L ()] Jo (uk) du (4.2)
o
{here L (u) has the form {4.1), and J; (x) is Bessel function) and relationships
an
1 .
Flp v =gz \ F(R)de (R= VP + v —Zpv cos ) (4.3)
0

By the method presented in this paper it now is not difficult to obtain an approximate
solution of the contact problem under examination for A= 1 for a die with one or another
base. For example, if y(r) = y (plane die), the approximate solution corresponding to the
case n = 1 in (3.11) has the form

P ()= Ayle (1 — r3)~/* (1.7680—0.5532 r%) (4.4)
increasing n by one we obtain
Y= Avyla(l — )~ (1.8116—0.7190 72 4 0.1263r) (4.5)

Further increase in n does not lead to substantial increase in accuracy of the solution,
therefore the approximate solution (4.5) can be considered practically exact. This is also
confirmed by the fact that the difference between values of function ) (r) in the form {4.4)
and (4.5) does not exceed 2.5% for all 0 g r< 1.

The value of the force P acting or the die will also be determined from Eq.

1
P=a S P (r)dr (4.8)
—1

For cases (4.4) and (4.5) we obtain P = 8,791 Aya and P = 8.794 Aya, respectively. In
the paper[11] by a completely different method P = 8.80 Aya was obtained for the case un-
der examination.

In this manner the concrete example given and other investigated examples, which are
not presented for the sake of brevity, show that the convergence of the method presented in
this paper is sufficiently high for intermediate values of parameter A (% <A < 2). This meth-
od can serve as a reliable means for practical solution of integral Eq. (1.3) over the indica-
ted range of variation in A, providing for certain joining with asymptotic solutions of this
equation for large and small A,

5. Reduction of basic integral equation of plane mixed problems
to a solution of an infinite algebraic system. Let us examine the integral
equation

1
\e@m () a=ni@  zi<) (5.4)
i

znlhe;e the kernel M(t) has the form (3.14) and function L (u) satisfies as before conditions
«2)

Without destroying generality we shall further assume that functions @(x) and f(x) are
even (“‘even’” variant of integral Eq. {5.1)) because the solution for the ““ayneven’ variant
can be obtained by differentiation with respect to x of the solution which was constructed
for same even case [12] by a specific method.

Using integral [

' —_ :
Bwazuﬂnm (5.2)
0
we rewrite integral Eq. (5.1) in the form
1 1
—yemutTHa_aw+ (e@rt)a  as1<y
—1 —1

(5.3)
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(2ol
‘[1—L ¢ t—co
F(t):s [ (u)] cosut — ¢ L
u
0
Based on properties (1.2) of function L(u) it is not difficult to show that function F(t) is
continuous together with all its derivatives for all —o00 <t <o,
We shall seek solution ¢ (&) of Eq. (5.8) in class L ( —(1.1). Then for A » oo the inte-
gral Eq. (5.3) degenerates into the following:
1

[E—z|
\w@ -0 role—wem <y (5.4

—1
It is known that the contact problem for an elastic half-plane is reduced to such an equa-
tion. Solution of this integral equation in the form of singular integrals is most common. In
our view the solution not containing singular integrals is more convenient for practical ap-
plication. This solution was first found in paper [13].
Without dwelling on details we note that such a solution can be obtained quite easily by
the method outlined in Section 1 for the determination of integral Eq. (1.9) and has the form

t
_ P44 (_da @
©E= Ve = dx’”& zz_szS ye—g
x —t
1
1 f(E)dE

(5.5)

LD b

«

P= .1‘P°(5)d5= M2 =7 (0) \1 Vo
We can show, but we shall not dwell on it in detail, that solution (5.5) of the even vari-

ant of the integral Eq. (5.4) has a meaning for at least f(x) EH*( — 1, 1) and o> %.
Further we shall assume that f *’(x) is bounded for x= [— 1, 1). Then the first Eq. (5.5)

can be rewritten in the form
t

*f'(&)ada] 1¢ @ (Er@Ee oo

1
® )= Y= [P+.§1 vi—el w we—a yE—e

The solution of integral Eq. (5.4) for the uneven variant can be obtained very easily
from (5.6) as indicated above (*).

*) We note that the solution of integral Eq. (5.4) for the uneven variant can also be found
by a method different from the one presented in [12]. In fact, if both sides of Eq. (5.4)
are differentiated with respect to x and then if in the obtained relationship it is taken in-
to account that functions ¢{0)(x) and f(x) are even or uneven, this relationship can be
presented in the respective form

1 1
9o () o B (®) ,
)Emsdmy @ ) gihesww  (si<y o
- -1
From this it is seen that
1
Qo@D =2%(z), [(D)=2g' () (loi<t), P=M= S B (E)dE G
—1

In this manner solution of integral Eq. (5.4) for the uneven variant is obtained if in

Eq. (5.6) which satisfies first Eq. of (i) substitutions are performed according to (ii). To
determine the value of M both sides of second Eq. of (i) are multiplied by /1 — x2dx

and we integrate from -~ 1 to + 1, then rearranging integrals in the left part of the obtai-

ned relationship and taking the inner integral, we find
1

=— S g (=) V1—1Pdx (iii)
21
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On the basis of Eq. (5.6} the following theorem can be proved in a manner which is ana-
logous to the procedure in Section 1.
Theorem 4. If f”(x) is bounded then ¢4 (x) has the form

§o(2) =0 (2) (1 — 22) " (5.7)

where w(x) € H¥{(- 1, 1), fe. Golx) €L (-1, 1),

The following more general theorem also applies.

Theorem 5. If function f(x) is such that its (n + 2) derivative is bounded for x el-1,
1], then function ¢¢o(x) has the form (5.7) where w? (x) € H% (-1, .

We shall now seek the solution of integral Eq. (5.3) from the class L(— 1, 1) in the form

¢ (2) = ¢ol2) T 41 (2) (5.8)
where §o{x) is the solution of integral Eq. (5.4). For the correction function ¢ ;{x) we ob-
tain the integral Eq.

1 1
. R . R
~ {eoulT e —w e+ ao () e qs1<n
—t —
. ' (5.9)
. 1 ¢ £ —u
@ =\ @ [F (355~ ro]a
We note that by virtue of properties of function F(t) pointed out above and the condition
¢ {x) & L(~ 1, 1) or by taking into account of Theorem 4, g ,{x) € L (- 1, 1), the entire
right side of the integral Eq. (5.9), as function of x ¢ [ 1, 1], is continuous with all deri-
vatives.
Then on the basis of Theorem 5 we can conclude that the general solution of integral
Eq. (5.9), if it exists in L(~ 1, 1), for any value A & (0, =) has the form

Gi(z)= Q(2) (1 — 2t/ (5.10)

where {1 (x) with all derivatives is a continuous function forx €[~ 1, 1].
Now let us represent the function F(¢) of the type (5.3) in the form of the following dou-
ble series in Chebyshev polynomials:

[>T » o]
d (i;x> =22 oM@ T;0 (5.11)
fem) j=0
Functions fe(x) and €} (x) entering into Eqgs. (5.9) and (5.10) are also expanded in series
& oo
J (@)= 20 R;;.Tzi (z), Q(x)= 2 Sirzi {z) (5.12)
= i=0

By virtue of above noted properties of functions F(t), f(x) and £} (x), series {5.11) and
(5.12) converge uniformly, respectively to F(¢) for all variables (x, £) &[- 1, 1] and any
arbitrary value of parameter A & (0, 0o ), to fe(x) and () (x) for all values in the interval
-1&xg 1.

Utilizing known orthogonality property of Chebyshev [2] polynomials, we obtain for coef-
ficients ¢;;(A) of the series (5.11) Expression

T 1
1 o (R Ty (o) Ty (B)de dE
[ m e e e
mn (M) = 2 anél jllv e S (5.13)

(Boo =1, B‘mo == B(m =2, an = 4}
We note that in the following only values ¢,, ,, (A) will be needed, because according

to assumption, functions ¢(x) and f(x), and therefore also functions @,(x) and f,(x), are
even.

Substituting into {5.13) Expression F (¢} in the form (5.3) and ntilizing integral [ 2}
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§ T,; («) cos az dz
2y Vi — x?

we obtain another equation forc, ., (A)

= (— Vs, (a) (5.14)

¢ [1 — L (w)] Jo? (u/\) — cos u
Coo mg Ou du (515)
0
v d
Cam, an = Bzm, an (— ,1)m+n5 [ =L gm (%) Ton (—;»i> —L:J‘ (m+n>0)
0

Let us proceed to determination of coefficients R; «. Utilizing the second Eq. (5,9) and

(5.11) we obtain (5.16)
© i o
1
Ry = Z Coi, an (M) ¥y W= S Po(8) Ty, (B)AE,  Roy= 2 Cy, anlM¥n—F (0)¥
n=0 —1 n==0

For evaluation of integrals ¥, we multiply both parts of the integral Eq. (5.4) term by
term by (1 — x2)+% T, (x)dx and integrate with respect to  from — 1 to 1. Then rearrang-
ing integrals in the left part of the obtained relationship and taking advantage of Eq. (2.7)
of the paper [1] we find

¥, = R, [In2\ — F (0)]-, ¥, = nR, GAT)
2 1\ @) T @) 2R, for n=0
) Yi—a x....{ R, for n>>0

We note that quantities R, are coefficients of expansion of function f(x) in series with
respect to Chebyshev polynomials of the form (5.12).

Finally, we obtain a relationship for determination of coefficients S, in the second Egs.
(5.12). Substituting into integral Eq. (5.9} functions §,(£), £, () and F(¢) in the form (5.10)
to (5.12) and evaluating integrals (it is necessary to take advantage of Eq. (2.7) of the pa-
per [1] and of the known orthogonality property of Chebyshev polynomials), we obtain a re-
lationship the left and right parts of which contain series in Chebyshev polynomials. Equa-
ting coefficients of both parts for polynomials of the same index we obtain an infinite system
of linear algebraic equations of the form (3.1) for determination of S,, where

Zg = Sp In 24, zy = S; (2071, 85 = Cy; ¢ (In 22078, a; = Iwzi, ak (5.18)

For large values of parameter A we can obtain an asymptotic representation of the form
(3.3) for coefficients of the infinite system a;; in a manner analogous to what was done in
Section 3. If in addition it is assumed in this representation that i and k are large, we shall
have

Pt ; 5.19
=0 ( (20)2P 121423201 ‘) (p=i+k) ©.19)

In analogy to what was presented in Section 3, asymptotically for small A we can obtain
a, =00 #k)and g = 1.

Now with respect to infinite system (3.1), (5.18), the same conclusions as in Section 3
may be drawn. Namely, for all A> v-=1 the system will be quasi-completely regular. Its free
terms R, , are bounded from above and for i + e they approach zero by virtue of uniform con-
vergence of the first series (5.12), For small values of parameter A the infinite system be-
comes unstable.

For finding of approximate solutions of infinite system (3.1), (5.18) it is convenient to
take advantage of the reduction method. The reduged (truncated) system has the form (3.11),
its coefficients, as can be easily noted, form an almost triangular matrix. This makes it
considerably easier to obtain concrete results,

With decreasing parameter A convergence of series {(5.11) on the line & = x becomes poorer
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and in order to preserve given accuracy of the approximate solution, the number of equations
n + 1 in the reduced (truncated) system must be increased. Consequently, good convergence
of the method presented in this Section for solution of integral Eq. (5.1) must be expected
only for large and intermediate values of parameter A.

As in Section 3 we shall briefly dwell on other methods of approximate solution of inte-
gral Eq. (5.5).

For large values of parameter A it is possible to obtain an asymptotic solution determi-
ned by Egs. (2.9) and (2.10) in the paper [14]. As a rule it can be used for 2 A <o,

For construction of the asymptotic for the solution of the integral Eq. (5.1) for small A
we represent the integral equation in the form of a system of three integral equations which
are equivalent to it(*) :

‘g" B(i_ﬁ> M(ézx—z)da——-nf(x)-},x S [B(i%)—v(ﬁ)]M(h%)dﬁ (—i<zL )

L7 — (5.20)
g 3 (L5 m (5 =m0+ [8 () —v @] M (T &8 —e<a<t)
1

v M () di=ni @) (— e <z <o)

|m8 >

oo]
under the condition

& =8 (b;—g) +B (1—;'3‘) — v (8) (5.21)

where the function f(x) is continued in an arbitrary manner in the region —oo <% § — 1 and
1 x <oo with preservation of sufficient smoothness.

The solution of the last integral Eq. (5.20) can be obtained easily through application of
the theorem on convolution for a Fourier transform.

The first two inte gral Eqs. (5.20) are reduced to one through a change of variables

Sﬁ(r)M(r_t)drz%m—m-}.
0

[oe]

+>[B(r)—v(i—me(%—r—t)dr 0< < ) (5.22)
2/

The asymptotic solution for small A of the integral Eq. (5.22) can be found by the method
of successive approximations. Here, at each step it is necessary to find the solution for one
and the same integral equation of Wiener-Hopf, but with different right-hand sides.

The zeroth approximation corresponding to the zeroth term of the asymptotic for the solu-
tion of the integral Eq. (5.1) for small A is found from Eq.

\‘Bo(t)M(r—t)d'r:-%f(L—M) (0< t < oo) (5.23)
]

Examination of concrete problems shows [16 and 17] that, as a rule, the zeroth term of
the asymptotic of the solution for small A reliably matches with the asymptotic solution for
large A[14], thus providing a complete solution of the problem.

*) In the papers [10 and 15] a different approach to the construction of the asymptotic of in=-
tegral Eq. (5.1) is presented for small A under the assumption that function L () entering
into kernel M(¢) is meromorphic.
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In those cases where matching is not achieved with required accuracy, we may use the
approximate solution for small A constructed from Eq. {5.21) on the basis of first (or higher)
approximation of solution of Eg. (5.22).

There is also another possibility, in our opinion even more convenient, i.e. to utilize
the method of approximate solution of iniegral Eq. {5.1) presented in this Section, as a
‘“‘connecting bridge’’ between the asymptotic solution for large A and the zeroth term of the
asymptotic for small A.
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